Part IA Discrete Maths Notes

e d divides n

din=n=k-d
e ¢ is congruent to b modulo m
a = b(modm) = m | (a—b)
a=b(mod m)<=m-a=n-b(mod m-n)
e The freshman’s dream, for prime p
(m + n)? = mP + nP (mod p)
e The dropout lemma, for prime p
(m+1)2 =mP +1 (mod p)
e The multiple dropout lemma, for prime p. Proved with induction and the dropout lemma
(m+ ) = mP 4+ i (mod p)

e Fermat’s Little Theorem, for prime p

ip

i (mod p)

P~ =1 (mod p) whenever 7 is not a multiple of p

e Monoid
Structure containing a set, an identity element, and an associative binary operation

e Commutativity

mon=mnom

e Euclid’s Algorithm
m= m' (mod n) = (CD(m,n) = CD(m’,n))
=VdecZ d|mAnd|nsd|m'Ad|n
(=) Assume d | mAd|n

By m = m’ (mod n)

m’ = ky - n + m for some kg
=d|m' ANd|n

o Cases

n ifn|m

ged(m,n) = {

ged(n, rem(m, n)) otherwise
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— Commutative: ged(m,n) = ged(n, m)
— Associative: ged(l, ged(m,n)) = ged(ged(l, m), n)
— Linearity: ged(l-m,l-n) =1 ged(m,n)

e Fuclid’s Theorem For all positive integers k,m, and n

El(m-n)Agedlk,m)=1=Fk|n

e Linear Combinations
ky-m+ky-n = ged(m,n)
found using Euclid’s extended algorithm

e Inverses

[a], has an inverse iff ged(a,n) =1
ged(a,n)=1=a-ki+n-k=1
put modulo n

[(I'klﬂ-n'kﬂn = [”n
[a : kl}n = mn

— Used to solve congruences, e.g. 7- 2 = 4 (mod 13), multiply by [7]5

Fundamental Theorem of Arithmetic
1. Prime factorisation (strong induction)
2 prime

n: either prime or of form a-bwithl <a<nand1l<b<mn

Therefore product of primes

2. Uniqueness (induction of number of prime factors, )

r=1:
prime, suppose prime can be expressed as n = q1 ¢z . . . ¢s a contradiction

therefore unique

n=piPs...Pk = q1G2 - .. qx by Euclid’s theorem p; divides both sides so equals ¢;
it’s trivial and harmless to swap this in the ordering so that it is ¢;

Cancelling gives

p2..-Pk=4q2--. Gk
of length k — 1 which holds

e Ordered pair

<a,b>= {{a}v {0,, b}}
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e Disjoint set

AwB = ({1} x A)U ({2} x B)

e Cantor-Bernstein-Schroeder Theorem

The existence of an injection from set A to B implies
A< Bor #A<#B
From the axiom of choice, the existence of a subjection from B to A, implies
AS Bor#A<#B
For all sets A and B
(ASBABSA)=>AZ=B

e Reflexive - (a,a) € R

e Symmetric - (a,b) € R = (b.a) € R

e Anti-Symmetric - (a,b) € RA(b,a) ER=a=b
e Transitive - (a,b) € RA(b,c) € R=(a,c) €R

e Total - Va,b e A(a,b) € RV (b,a) € R
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Relation:
RC AXxB
R:A -+ Bor
R € Rel(A4,b)
Partial Function
Pr(—;or('ier R:A—~ BorR € (AiB)
Re e)’q.ve Uniquely Defined:
Transitive (CL, bl) € RA (a7 b2) €ER= b = b
E(]gulv zil.ence Partial Order Total Function
Reﬂa ton Reflexive R:A— BorRe (A= B)
Se e>;1\'/e Anti-symmetric Everywhere deﬁned
YILCRLIC Transitive Vae A3Jbe B
Transitive / \
) To.tal OI‘deI: Surjection Injection
Equivalence Anti-symmetric R : A — B R: A — B
Class Transitive Vb e Bﬂ.a € Al (a1,b) € RA(ag,b) € R
Total \ :> @ = a
Bijection
1-1 correspondence
A=DB

Figure 1: Relations
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